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1 Introduction
Polarized positron and electron beams are ideal for searching for new physics at the International Linear
Collider (ILC). In order to properly orient and preserve the polarization of both beams at the Interaction
Point (IP), the beam polarization must be manipulated by a series of spin rotators along the beam line.
Furthermore, the polarization for both beams at the IP should be known with a relative uncertainty
of about 0.5% or better, therefore, all sources of depolarization along the ILC should be identified.
Polarization studies between Damping Ring extraction and the Interaction Point will be presented in this
report.
2 Spin Dynamics
2.1 Spin Precession Via the T-BMT Equation
The inherent spin state associated with an electron can take on one of two eigenvalues, ± ~2 , and are
denoted by |+ >=
(
1
0
)
and |− >=
(
0
1
)
. The general state of a spin- 12 particle will be a superposition
of these two states:
|ψ >= α|+ > +β|− > . (1)
In this basis, the matrix representing the observable corresponding to the measurement of spin is therefore:
Sz =
~
2
(
1 0
0 −1
)
. (2)
The matrices corresponding to observables along all three principle axis, x, y and z, can be represented
succinctly using the Pauli matrices
σx =
(
0 1
1 0
)
, (3)
σy =
(
0 −i
i 0
)
, (4)
σz =
(
1 0
0 −1
)
(5)
as
S =
~
2
σ (6)
where σ = (σx, σy, σz)
T
. From this expression for the spin observable along the three principles axis
the matrix representation of the observable along an arbitrary unit vector u in the same basis can be
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expressed as [10]
Su = S · u (7)
=
~
2
σx sin θ cosφ+
~
2
σy sin θ sinφ+
~
2
σz cos θ (8)
=
~
2
(
cos θ sin θe−iφ
sin θeiφ − cos θ
)
(9)
where θ and φ are the polar angles characterizing the vector u.
For a distribution of spin- 12 particles, the polarization, P , along the unit vector u is defined as the
absolute value of the average expectation value of the spin along the vector u over all N particles times
2
~
,
P =
2
~
‖ 1
N
N∑
j=1
< +|Su|+ > ‖ (10)
=
2
~
‖ 1
N
N∑
j=1
(
1 0
) · ~
2
(
cos θi sin θie
−iφ
sin θie
iφ − cos θi
)
·
(
1
0
)
· ‖ (11)
= ‖ 1
N
N∑
j=1
cos θi‖ (12)
where θi is then the angle between u and each spin vector.
In principle, the precession of the “spin” of an electron moving in an electromagnetic field can be
found by the explicit use of the Dirac equation. This would be laborious indeed. Fortunately, it has
been shown [3] that the expectation value of the operator representing the spin of a particle satisfies
the equation of motion of a classical spin vector in the particle’s instantaneous rest frame. The classical
spin vector s, in the rest frame of the particle, is described for time t, in the laboratory frame, by the
Thomas-Bergmann-Michel-Telegdi (T-BMT) equation,
d
dt
s = ΩBMT(r,p, t)×s, (13)
ΩBMT (r,p, t) = − q
mγ
[
(1 +Gγ)B− Gp ·B
(γ + 1)m2c2
p− 1
mc2
(
G+
1
1 + γ
)
p×E
]
, (14)
where E(r, t) and B(r, t) are the electric and magnetic fields in the laboratory frame, p and γ are the par-
ticle’s momentum and relativistic gamma factor in the laboratory frame, q and m are the particle’s charge
and rest mass, and G = (g−2)2 is the particle’s anomalous gyro-magnetic g-factor which is 1.79284739 for
protons and 0.00115965219 for electrons and positrons [20, 3].
The T-BMT equation can be re-written in terms of the components of the magnetic field which are
parallel and perpendicular to the particle’s motion, B‖ and B⊥. If it is assumed that there are no electric
fields then the T-BMT equation has some characteristics in common with the Lorenz force equation:
d
dt
p = − q
γm
{ B⊥ } × p (Lorenz) (15)
d
dt
s = − q
γm
{(1 +Gγ)B⊥+ (1 +G)B‖} × s (T-BMT). (16)
Comparing these two equations several conclusions can be drawn [13].
If a curvilinear coordinate system is used which rotates with the particle’s momentum (as is
typically used in accelerator physics) and there are no magnetic fields parallel to the longitudinal axis
then the equation of motion for spin becomes d
dt
s = − q
m
GB⊥ × s for relativistic particles. The spin
motion is therefore independent of energy whereas the orbit deflection varies with 1
γ
. This means that for
relativistic electrons, a fixed field integral of
∫
Bdl = 2pimcv
qG
≈ 9.24 Tm results in a spin rotation angle
of 2pi. Since the magnetic fields scale with the beam energy in a typical accelerator, the spin precession
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rate will increase with the energy of the beam. This means that polarization issues increase with the
energy of the beam. Another way to look at this is if the orbit is deflected by an angle of φ then the spin
is rotated by an angle Gγφ relative to the orbit. This angle increases with γ.
The anomalous gyro-magnetic g-factor is small for electrons (0.00116) so the precession rate is much
smaller than for protons. Common wisdom is that depolarization is not an issue for electron transport
outside storage rings. However, due to the dependence on energy, the precession cannot be ignored for
an ultra-relativistic accelerator such as the ILC and spin dynamics studies should be carried out.
2.2 Spinor-Quaternion Representation
The classical spin vector, s, is a three-dimensional vector representing the spin. A 3x3 transport map
can easily be created from the T-BMT equation describing the motion of the spin through any element
in an accelerator. The spin will then transport according to
S(s) = R(si : s)Si (17)
where R is a simple rotation matrix, s is the longitudinal coordinate and Si is the spin at the beginning
of the element. R is transported via
∂sR(si : s) =

 0 −Ω3 Ω2Ω3 0 −Ω1
−Ω2 Ω1 0

R(si : s) (18)
and is determined by the Ω terms in the T-BMT equation. The initial condition is that R(s0 : s0) is the
unit matrix. Equation 18 along with the initial condition gives the rotation matrix at an arbitrary point
in the machine.
The above method requires the use of 9 real numbers to describe the transport of the spin vector
whereas only three real numbers are necessary to describe a rotation. A more efficient representation is
to use SU(2) matrices with spinors instead of SO(3) matrices with vectors to describe the transport of
spin through a lattice. In the SU(2) representation, a spin s is written as a spinor Ψ = (ψ1, ψ2)
T
where
ψ1,2 are complex numbers and [7]
s = Ψ†σΨ ⇐⇒ Ψ = 1√
2 (s3 + 1)
(
1 + s3
s1 + is2
)
, (19)
or in polar coordinates,
s =

sin θ cosφsin θ sinφ
cos θ

⇐⇒ Ψ = eiξ ( cos φ2
sin φ2 e
iφ
)
. (20)
Due to the unitarity of the spin vector, |ψ1|2 + |ψ2|2 = 1. The ξ is an extra phase factor and it has no
physical significance, however, it can be used to record the history of the precession of the spin [13]. For
example, if a spin is oriented parallel to the magnetic field then there is no change in the spin as it passes
through the element. However, the ξ phase will change if tracked through this field using the T-BMT
equation.
In spinor notation, the T-BMT equation can be written
d
dt
Ψ = − i
2
(σ ·Ω) Ψ. (21)
The solution is a rotation of the spinor by an angle α around a unit vector e represented as
Ψ = e−i
α
2
e·σΨi. (22)
This SU(2) matrix, e−i
α
2
e·σ , representing the rotation of a spinor can be characterized by the Euler
parameters a0 = cos
α
2 and a = sin
α
2 e as [13]
Ψ = (a012 − ia · σ) Ψi (23)
= AΨi. (24)
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The matrix A is called a quaternion and has the normalization condition a20 + a
2 = 1. The three
components a = (a1, a2, a3), along with the normalization condition, describes the transport of spin
between any two points in an accelerator. This representation is used in BMAD [5] to perform spin
tracking.
2.3 Depolarization due to Spin Precession
A simple model can be used to characterize the depolarization due to spin transport through a single
magnetic element. The spin precession through a transverse magnetic element is equal to Gγ times the
angle the orbit is deflected,
φspin = Gγθorb. (25)
Depolarization occurs when the spin vectors of particles in a bunch diverge. The depolarization through
a single element can be approximated with a two particle model. One particle is defined to be on the
beam centroid in all six coordinates. The other particle is offset by 1-sigma in one or more phase space
coordinates. The depolarization of this 2-particle beam can then be determined by the angle difference
between the on-axis particle and the 1-sigma particle,
P = cos (∆φ) (26)
= cos (Gγθoff) (27)
where θoff is the orbit deflection error for the off-axis particle. If the field is from a quadrupole then the
depolarizing effect will be
P = cos (Gγk1Lqσx,y) (28)
where k1 is the quadrupole strength, Lq is the quadrupole length and σx,y is the horizontal or vertical
beam size. If the horizontal beam size is much larger than the vertical then the effect of the vertical
can be ignored. If the motion is restricted to occur only in a plane then the total depolarization is then
computed simply by the cosine of the sum of the precessions through each element
Ptot = cos
(
Gγ
∑
i
θi
)
(29)
where i runs over all elements.
This simple method can be useful in making “back of the envelope” calculations of the depolariza-
tion through a couple elements. Anything more than this would require computer simulations where the
proper spin tracking method described in section 3 below should be used.
A more sophisticated analytical perturbative method has been developed and is very useful in
storage ring analysis [8, 2]. This method utilizes the invariant spin field, nˆ0, which is a periodic unit
spin vector defined uniquely for each point along the closed orbit. Just as particles on the closed orbit
exhibits no betatron motion, a spin vector on the invariant spin field exhibits no spin precession relative
to the invariant field. There are two other unit vectors, mˆ0 and lˆ0, such that the three vectors form a
right-handed unit vector basis. For small perturbations of the spin vector away from nˆ0 the vector can
be written as
S = nˆ0 + αmˆ0 + βlˆ0 (30)
where α2 + β2 << 1. The spin perturbation is then represented by the two angles α and β and the
complete state of the particle is represented by an eight component vector:
x = (x, px, y, py, z, δ, α, β) . (31)
The transport of the particle through the lattice is then calculated using an 8× 8 transport matrix
x1 = M · x0 (32)
where
M =
(
M6×6 06×2
G2×6 I2×2
)′
(33)
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M6×6 describes the phase space motion, 06×2 is the null matrix, I2×2 is the identity matrix and G2×6
describes the spin motion. The process of spin-matching in storage rings involves designing a lattice such
that the 1-turn G-matrix is a null matrix. This helps preserve high polarization. But as discussed below,
the beam does not exist in the damping rings long enough for depolarization to be an issue and spin
matching is not expected to be necessary.
2.4 Spin-Orbit Coupling
Spin motion in a storage ring can be more complex then in a linear transport line. Ideally the spin
orientation should be vertical to limit the effects of the dipole bending magnets. As seen in the T-BMT
equation (eqn. 14), magnetic fields parallel to the spin orientation result in no precession. Any component
of the spin in the horizontal or longitudinal directions will result in precession. For an orbit rotation of φ
the spin will precess by Gγφ, so for a 2pi rotation around a storage ring, the spin will precess a total of Gγ
rotations. This quantity, Gγ, is referred to as the spin tune of the storage ring. Just as with the betatron
tunes, the spin tune should not be close to an integer value. If it were, then on successive turns the
depolarization effects would add coherently, eventually depolarizing the beam. It can be advantageous
to have a half-integer spin tune so that the effects of electromagnetic fields cancel on successive turns.
In principle, if there are no betatron oscillations then designing a ring with a half-integer spin tune
is basically all that is required to preserve the polarization. However, due to finite beam sizes and the
inevitable misalignments, betatron oscillations always exist. Just as x-y betatron resonances are avoided
by insuring that there are no fractional ratios between the horizontal and vertical tunes, the same must
be considered for the spin tune. A spin-orbit tune resonance will compound the depolarization effects of
the misaligned quadrupoles and bend magnets. The misalignment that is most critical here is the vertical
quadrupole misalignment. This imparts a horizontal magnet fields which will effect the nominally vertical
polarization. Horizontally offset magnets impart of vertical field which the vertical polarization generally
will not see. Resonances with the synchrotron tune should also be avoided.
Depolarization studies have been performed on the ILC damping rings. Provided resonant tunes
are avoided, there appears to be little concern for depolarization [23, 24, 15]. There was found to
be some variation in resonances for each misalignment seed so it is advisable to have the capability
to vary the operating energy by small amounts to avoid resonances that may occur due to particular
misalignments. It was also found that if injecting a beam even slightly off the closed spin orbit, nˆ0, the
polarization direction on extraction can be highly dependent on the kicker phase. This in turn will alter
the polarization direction at the IP.
Spin-Orbit coupling can also be a concern in low emittance transport lines. The SLC experienced
spin-orbit coupling because along the north collider arc the vertical betatron tune was equal to the spin
tune. This was an oversight in the design of the lattice and special correction schemes were required to
overcome the depolarization [14]. The current ILC design has no strong arcs downstream of the spin
rotator and spin-orbit coupling will not be a problem.
2.5 Spin-Flip Radiation Emission
Spin-Flip Synchrotron Radiation Emission, or the Sokolov-Ternov Effect [18], occurs when charged par-
ticles are accelerated into curved orbits, such as in bending magnets. The charged particles emit syn-
chrotron radiation as usual but there is a small probability that an emitted photon will cause a charged
particle’s spin to flip. For electrons there is a slightly greater probability that the spin will flip anti
parallel to the field. This results in the slow buildup of polarization antiparallel to the bending field.
Positrons buildup polarization parallel to the field. The transition rates for electrons are
W↑↓ =
5
√
(3)
16
reγ
5
~
me‖ρ‖3
(
1 +
8
5
√
3
)
(34)
W↓↑ =
5
√
(3)
16
reγ
5
~
me‖ρ‖3
(
1− 8
5
√
3
)
. (35)
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ρ is the bending radius and the other parameters take on their usual meanings. The plus and minus signs
are interchanged for positrons. The equilibrium polarization in a uniform magnetic field is
Pst =
W↑↓ −W↓↑
W↑↓ +W↓↑
=
8
5
√
3
= 0.9238. (36)
Note that this is independent of the beam energy. For a beam with initially zero polarization, the build-up
time to the equilibrium polarization is given by
P (t) = Pst[1− exp
(−t
τ0
)
] (37)
where the characteristic time is
τ0 =
8
5
√
3
me|ρ|3
reγ5~
∝ ‖ρ‖
3
γ5
. (38)
A generalization of the Sokolov-Ternov Effect for electrons moving with an arbitrary polarization
direction is called the Baier-Katkov flip rate [1] and has a characteristic buildup time of
τbk =
τst
1− 29
(
ξˆ · sˆ
)2 (39)
where ξˆ is the unit vector direction of the initial polarization and sˆ is the direction of motion. As will be
shown, this effect is not a concern for the short time the beam is in the ILC.
2.6 Radiative Depolarization
Radiative depolarization is due to particle momentum recoil from synchrotron radiation. This in turn
alters its orbit and fields experienced. The spin precession is hence altered as the particle travels through
the new fields. The actual depolarization is due to T-BMT motion. This effect is similar to emittance
growth due to synchrotron radiation. It is very small and is only a concern in storage rings with a long
store time. In the ILC Damping Rings, radiative depolarization is not a problem [24].
2.7 Beam-Beam Effects
As the two beam pass through each other in the interaction region they exert electromagnetic fields on
each other. This results in the pinch enhancement and the kink instability which can affect luminosity [25].
These same fields also affect the spin of the particles via the T-BMT equation and the Sokolov-Ternov
effect. A study has been carried out analyzing the depolarizing effects in the beam-beam interaction using
the CAIN program [26, 27]. The results are reported by Moortgat-Pick [16]. Various ILC parameter sets
were used in the analysis and all sets resulted in only small depolarization. The largest depolarization
was in the Low P conditions with a loss of only 0.24%. The effect is mainly from the T-BMT equation
however Sokolov-Ternov also adds an appreciable amount. At the higher energy of 1 TeV, the Sokolov-
Ternov effect increases resulting in a total depolarization of about 2 times that at the lower energy. These
results were for head-on collisions.
There is some question as to if the T-BMT equation is valid with the strong fields exhibited at the
IP. Current expectation is that there will be no significant changes however studies are ongoing. CAIN
does not include full incoherent production and studies are also ongoing to include these effects.
3 Spin Tracking in BMAD
Spin tracking has been implemented in BMAD using the spinor-quaternion method described above. The
BMAD coord struct has been modified to contain both the 6-dimensional phase space coordinates and
the spinor represented by a vector of two complex numbers. The transport from one element to the next
is carried out through the application of the quaternion A in equation 23. Each quaternion can be fully
described by just three real numbers represented by the vector a.
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3.1 Dipoles, Quadrupoles and Solenoids
Transfer maps have been found to second order in phase space coordinates for dipoles, quadrupoles, sex-
tupoles and combined function quadrupole/dipole. Quaternions have been found to first order for electro-
static quadrupoles. These quaternions in BMAD come directly from those derived from Weißba¨cker [21,
22]. This method uses an iterative procedure starting with a first order expansion in the initial coordi-
nates leading to arbitrary order. The implementation in BMAD only evaluates the quaternions to first
order in the phase space coordinates. This is because the spin analysis in BMAD has only been intended
for Low Emittance Transport where second order effects should not be an issue because the beams only
pass through once. In damping rings the higher order effects could be more important. If it is ever desired
to perform damping ring spin dynamics in BMAD then the higher order terms can easily be added with
no changes to the structure of the code.
The solenoid quaternion only includes the zeroth order effect due to the longitudinal magnetic field.
There are certainly always fringe fields present in a solenoid and these can precess the spin. However,
due to the small number of solenoids in the ILC the fringe fields are not expected to be a concern. This
fringe field produces a radial focusing force. In the thin lens approximation, the focusing field can be
related to an integrated quadrupole field by [9]
ks
2
= krz (40)
where krz is the equivalent integrated quadrupole strength and ks is the solenoid strength. The maximum
strength of the solenoids in the spin rotator is 0.1888 1/m so krz = 0.0944 1/m. A typical quadrupole
in the Ring To Main Linac (RTML) has an integrated quadrupole strength of kqz ≈ 0.4. As is shown in
section 5, the quadrupoles in the RTML result in virtually no depolarization, so from a spin dynamics
perspective, the fringe field in the solenoid can be ignored.
3.2 Accelerating Structures
The quaternions for accelerating structures only include the electromagnetic focusing force due to the
fringe field at the beginning of the structure (beginning of the first cavity) and the fringe field at the
end of the structure (end of the last cavity). The fringe fields used in these regions where taken from
Hartman and Rosenzweig [12] and are the same as those used in BMAD for particle orbit tracking. The
electric and magnetic fields are converted into a pure focusing force (in both transverse planes) to find an
equivalent electrostatic field. The quaternion from Weißba¨cker [21] for an electrostatic field is then used
for the tracking. A more accurate quaternion could be found by accounting for the electric and magnetic
fields separately and then applying a hybrid electric and magnetic quadrupole in the calculation of the
quaternion. As will be shown in section 6 below, the effect is small on the polarization in the ILC and a
more accurate model isn’t necessary.
3.3 Boris Numerical Spin Integrator
A numerical spin integrator has also been implemented in BMAD. It utilizes the Boris-like integration
scheme developed by Stoltz et al. [19]. The Boris method [6, 4] requires only one force evaluation per
step while being second order accurate in phase space coordinates. This method alternates the advance
of the particle position and momentum using a leapfrog technique [11]. The original Boris technique uses
a temporal integration scheme. Beam physics typically uses the longitudinal position as the independent
variable so the Boris method was modified to utilize spatial stepping. It will be described briefly below.
The method begins with the Lorenz Force differential equation describing the momentum evolution
but where the longitudinal momentum evolution equation is replaced with the energy evolution equation
to correspond to the canonical coordinates used in accelerator physics, (x, Px
P0
, y,
Py
P0
, βcdt, ∆P
P0
). The
derivative is also modified to be with respect to the longitudinal position z and pz = mvz =
Uvz
c2
so we
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get:
dpx
dz
=
1
vz
dpx
dt
= q
(
Ex
vz
+
vyBz
vz
−By
)
, (41)
dpy
dz
=
1
vz
dpy
dt
= q
(
Ey
vz
− vxBz
vz
+Bx
)
, (42)
dU/c
dz
=
1
vz
dU/c
dt
= q
(
vxEx
vzc
− vyEy
vzc
+
Ez
c
)
. (43)
These three equations lend themselves nicely to a matrix equation by dividing the terms up into those
that involve pz and those that do not:
dw
dz
= Mw + b, (44)
where
w =

 pxpy
U/c

 (45)
M =
q
pz

 0 Bz
Ex
c
−Bz 0 Eyc
Ex
c
Ey
c
0

 , (46)
and
b = q

−ByBx
Ez
c

 . (47)
The equation for the evolution of the canonical position of the particle, x = (x, y, ct), can then be found
from w:
dx
dz
=
w
pz
. (48)
Equations 44 and 48 are then used to numerically track the particle. The solution involves (1) advancing
the positions a half step, (2) advancing the momenta a full step and then (3) advancing the positions a
second half step. Equation 44, which advances the momenta, is divided into three steps creating a second
leapfrog advance: (i) Advance w by the b term only by a half step, (ii) advance w a full step with the
M term and then (iii) advance w by the b term the final half step. This is the basic principle behind
the Boris method, except here the integrating variable is the longitudinal position.
The spin tracking is performed by piggy-backing on top of this leapfrog technique. The T-BMT
equation (eqn. 21) requires the momentum and position (along with the fields) to advance the spin.
Instead of advancing the spin using the position and momentum at one point, the step is divided in
two. The first half uses the position and momentum at the beginning of the step and the second uses
the position and momentum at the end. The T-BMT equation must be rewritten with the longitudinal
position as the independent variable:
dΨ
dz
= − i
2vz
(σ ·Ω) Ψ. (49)
In more detail, the steps to track the particle from zn to zn+1 are the following:
1. Advance the position, x, one-half step (∆z2 ) with equation 48 using the momentums at z
n.
2. Evaluate the fields at this midpoint position.
3. Advance the spin by ∆z2 using the position and momentum at z
n and the fields at ∆z2 with equa-
tion 49.
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4. Advance the momentum, w, from zn to an intermediate state w− by a half step using only the b
term:
w− = w(zn) +
∆z
2
b. (50)
Use the fields at the midpoint.
5. Evaluate pz at this point and advance w
− to the intermediate state w+ with a full ∆z with the M
term of equation 44. The following formula is used:
w+ = w− + Rw− (51)
where
R =
∆zM + ∆z
2
M
2
2
1 + −λ
2∆z2
4
, (52)
and
λ =
q
pz
√
B2z −E2x −E2y . (53)
6. Advance w+ to the final state at zn+1 by a half step using the b term:
wn+1 = w+ +
∆z
2
b. (54)
Use the fields at the midpoint.
7. Advance the position, x, the second half step (∆z2 ) with equation 48 using the momentums at z
n+1.
8. Advance the spin by the second ∆z2 using the position and momentum at z
n+1 and the fields at the
midpoint, ∆z2 , with equation 49.
Note that the matrix M is only a function of transverse electric and longitudinal magnetic fields. The
vast majority of accelerator components contain none of these fields. In these components step 5 from
the process can be skipped.
The main advantages of the Boris method over Runge-Kutta [17] is that it requires only one force
evaluation per step and yet is second order accurate in position and momentum (Runge-Kutta requires
four). Conserved quantities, such as canonical momentum, are better preserved. Furthermore, for typical
beam physics simulations, the Boris method is roughly 3 times more efficient than Runge-Kutta. For
these reasons, it was decided to modify this method for spin integration versus a Runge-Kutta method.
The most significant motivation was the conservation of canonical momentum which the T-BMT equation
relies on. It has not been shown that the Boris method is also second order accurate in spin transport.
The Boris method has also been extended to include adaptive step size control [17]. This allows the
user to specify the accuracy of the tracking and the step size is changed to accommodate. This method
is not fast, however, it allows for arbitrary accuracy. Comparisons have been made between “standard”
BMAD tracking which uses the quaternions found in section 3.1 and Boris tracking in quadrupoles and
solenoids. In both cases there is good agreement in both particle phase space coordinates and spin.
4 Sources of Depolarization
The time scale for spin-flip radiation emission is on the order of minutes to hours in rings. A single
pass through a linear transport line or linac will not experience enough bending fields for this to occur
on any measurable level. The only location where there is a large number of bending magnets is in the
turnaround. Using equation 38 for the build-up rate and using a 5 GeV beam with a bending radius of
21.04 m we get a characteristic time of 4.9 minutes. There are also bends in the Beam Delivery System
(BDS) at 250 GeV energy and with the γ5 dependence in the characteristic time, there is a chance of the
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Sokolov-Ternov effect being measurable. A typical BDS bending magnet radius is 10000 meters and the
polarization vector is longitudinal (along the direction of motion) so from equation 39
τbk =
τst
1− 29
(
ξˆ · sˆ
)2 (55)
=
9.87× 10−3 sec.
1− 29
(56)
= 0.0127sec. (57)
This is very long compared to the transition time through the BDS. No where near a full 360 degrees of
arc exists and the transition time is short so the Sokolov-Ternov effect will not be a problem.
The other depolarization effects, spin precession, radiative depolarization and spin-orbit coupling
can be analyzed using the spin tracking as implemented in BMAD. Radiation damping and fluctuations
should be turned on in BMAD to observe the radiative depolarization.
For the ILC the most significant factor in the depolarization of the beam is simply due to the hor-
izontal beam size. The vertical beam size being much smaller than the horizontal limits its effects. Using
the simple model in section 2.3 the horizontal bunch size required to produce a measurable depolarization
through a quadrupole can be approximated. A typical quadrupole will have a k1 value of around 0.1
1/m2 and a length of 0.5 meters. Using equation 28, we get,
P = cos (0.113 E[GeV ] σ[m]) . (58)
At 5 GeV, a 1% depolarization would require a horizontal beam size of 2.7 meters. At 250 GeV the beam
size would have to be 0.0955 meters. Another way to look at this would be to take the typical horizontal
beam size and estimate how many quadrupoles must be traversed to depolarize the beam by 1% (assuming
the depolarizations due to each quadrupole adds coherently; this will give a worst case scenario). In the
RTML a typical beam size is 250 microns and this would require about 1 million quadrupoles. In the
BDS, a 1% depolarization would require about 400 quadrupoles. Since there are around 500 quadrupoles
in the BDS, this leads one to believe there may be a measurable effect and it should be investigated.
The precession kick from transverse fields is a function of the beam energy via the relativistic
gamma function so the energy spread can also potentially cause a depolarization of the beam. The
direct effect on the precession is a small correction on the effect due to the beam size. However, through
dispersive regions, the different energy particles will take different orbits and thereby experiencing different
spin precessions. So there can also be a measurable effect due to energy spread other than through the
gamma factor in the T-BMT equation.
Spin-orbit coupling can be experienced in linear collider like had occurred in the SLC. This was due
to the strong bending magnets in the arcs. The ILC has no strong bending magnets downstream of the
turnaround (where the spin is still vertical). There are some weak bends in the energy and polarimeter
chicanes plus some geometry matching in the BDS but these are weak and pose no threat. If strong
bends were added to the BDS then further polarization studies would need to be performed.
5 Polarization in the RTML
As predicted above, the depolarization in the RTML is small. The one noticeable effect is from dispersion
and the large beam size in the bunch compressor wigglers. Figure 1 shows the depolarization and disper-
sion along a section of the RTML. The different components are color coded. Quadrupoles are purple,
bends are green, solenoids are blue and RF cavities are red. The first set of bends is the turnaround.
The spin rotator contains the solenoids. The RF cavities and other bends (in a wiggler configuration)
compose the 2 stage bunch compressor. The long return line is not shown here. The effect of the disper-
sion in the wigglers on the polarization is evident. But just as the dispersion is removed on exit from the
wigglers, the polarization also returns to the nominal value. The beam size grows to 6000 microns in the
wigglers and this causes the different particles to experience slightly different precessions. The two angles
below the polarization in figure 1 give the polar angle coordinates for the average polarization vector.
For a 100% polarized beam, all spins point in the direction of the average polarization vector. Theta is
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Figure 1: Depolarization in the RTML due to dispersion.
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Figure 2: Depolarization in the RTML under three different condition showing the effects of energy
spread.
measured with respect to the longitudinal axis and phi with respect to the horizontal. The spin rotation
in the spin rotator is also evident in this figure and results in virtually no depolarization. The beam
starts with vertical polarization (θ = 90, φ = 90) and then rotates to longitudinal polarization (θ = 0, φ
angle is arbitrary).
The bending magnets can also depolarize the beam simply from energy spread. An energy spread
along with a horizontal orientation of the spins through bending magnets can result in dramatic depolar-
ization, even if the spin tune is not close to 1. This effect can be seen in the turnaround. Figure 2 gives
the polarization through the turnaround in three situations:
A, The nominal energy spread with an initial vertical spin orientation
B, The nominal energy spread but with an initial longitudinal polarization
C, Zero energy spread but still with an initial longitudinal polarization
This single 180 degree turn results in a depolarization of up to 2% if the beam is longitudinal upon entry.
By zeroing the energy spread the polarization returns to the nominal value. There are no misalignments
in this simulation. The difference in depolarization in the bunch compressor wigglers between plots A and
C is due the slight extra amount due to dispersive orbits and the depolarization in plot C is due purely to
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Table 1: Installation precision for RTML components.
Error Tolerance With Respect To...
Quad Offset 150 µm Survey Line
Quad Tilt 300 µrad Survey Line
Quad Strength Error 0.25% Design Value
BPM Offset 150 µrad Survey Line
BPM Offset 7 µrad Quadrupole Center
BPM Resolution 1 µm N/A
Bend Rotation 300 µm Survey Line
Bend Strength Error 0.5% Design Value
the large beam size in the wiggler. The energy spread in plot A increases the beam size in the dispersive
wiggler increasing the depolarization a small amount over plot C. After passing through the first Emma
Rotator the polarization is not horizontal anymore in plot A and a small amount of depolarization in the
short arc within the spin rotator is observable.
The effects of misalignments on polarization is very small. Figure 3 shows the polarization and
beam sizes along the same section of the RTML but with the nominal misalignments as given in table 1.
No attempt at re-steering or beam-based alignment is applied and this results in vertical and horizontal
beam sizes much larger than the design and yet the depolarization is still negligible. This emphasizes the
small spin precession due to the relatively weak gamma function for the 5 GeV beam.
The spin tune in the turnaround is Gγ = 11.31. If it was a full ring the vertical tune would be
25.74 and the horizontal 26.30. In this case, there could possibly be a coupling with the horizontal tune
but the beam is not in the turnaround long enough for this to be a concern.
6 Polarization in the Main Linac
Given the small number of quadrupoles in the main linac they are not expected to pose a risk to depo-
larization. However, there are 7300 RF cavities per linac. Any individual cavity will have a small effect
but the combined effect of all of them together may be a problem. To investigate this, a simple model
for the cavity was used in spin tracking as described in section 3.2.
The resultant spin tracking is shown in figure 4. The depolarization is virtually zero. The effects
due to RF cavities is small compared to the already small effect due to the quadrupoles. Each cavity has
a focusing and defocusing field that almost completely cancel each other out due to the small change in
orbit through the cavities. The precession in the cavities was found to be at least six orders of magnitude
too small to effect the depolarization. As seen in figure 4 the change in the theta polarization angle due
to the Earth-following curved linac is evident. This change in the polarization vector is small but can
be compensated for with the spin rotator if needed. Earth’s magnetic field and the corrector coils used
to compensate its effect on the orbit will also have a small effect but this can also be corrected with the
spin rotator.
The jump in phi at the beginning of figure 4 is due to the value of phi being arbitrary when theta
is equal to zero. Round off error in the floating point operations results in the jump and can be ignored.
Once theta becomes non-zero phi settles onto approximately 90 degrees.
Misalignments have little effect on the polarization. Figure 5 gives the polarization in the main
linac with the nominal misalignments as given in table 2 and no re-steering or beam-based alignment.
Here the polarization vector’s theta and phi angles change and it is no longer longitudinal but this can
be adjusted with the spin rotator. Further studies should be performed to analyze the variation of the
polarization vector at the IP due to component and beam jitter. Jitter is expected to be small enough
that the resulting polarization jitter will be well under 1 degree.
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Figure 3: Depolarization in the RTML with nominal misalignments and no re-steering.
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Figure 4: Depolarization in the main linac.
Table 2: Nominal Misalignments for Main Linac components.
Error Tolerance With Respect To...
Quad Offset 300 µm Cryostat
Quad Tilt 300 µrad Cryostat
BPM Offset 300 µrad Cryostat
BPM Resolution 1 µm N/A
RF Cavity Offset 300 µm Cryostat
RF Cavity Pitch 300 µrad Cryostat
Cryostat Offset 200 µm Survey Line
Cryostat Pitch 20 µrad Survey Line
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Figure 5: Depolarization in the main linac with nominal misalignments and no re-steering.
7 Polarization in the Helical Undulator
No studies have been performed so far in the helical undulator. The lattice for this section is just
beginning to be designed so it was not available in time for studies to be undertaken. Once a lattice is
created detailed studies should be performed.
8 Polarization in the BDS
The beam delivery system is at a rather large beam energy resulting in a Gγ of 567.3. This value is large
enough that depolarizing effects may be observable. For most of the BDS depolarization was not found to
occur as shown in figure 6. The BDS lattice shown here is the 2 mrad BDS lattice version ILC2005. The
last data point at longitudinal position 2235 meters is the IP. Bends do exist in the BDS for the energy
measurement and polarimeter chicane plus some geometry matching but they are very weak. As shown
in the figure, the main geometry match between s = 1000 and s = 2100 is a very weak bend and results
in little spin precession. Inclusion of misalignments was found to have little effect on the polarization,
just as in the RTML and main linac.
The only location where a slight depolarization occurs is in the Final Focus where a polarization of
99.84% exists between the two quadrupoles in the final doublet. However, the second quadrupole almost
completely removes the depolarization caused by the first. This can be seen in figure 7 showing the Final
Focus and IP. The polarization, quadrupole strength and beam sizes are plotted.
The reason for the slight depolarization is the combination of large beam size and strong focusing
magnets. This can be estimated using equation 28 where k1 = 0.0963, Lq = 2.0 meters and σx = 533
microns resulting in a polarization of 99.83%. Acording to the ILCv simulation the resultant polarization
is 99.84%. The phase advance between the two quadrupoles is only 2 milliradians. This means the
particles do not advance much through their betatron motions and they are roughly in the same relative
location in the second quadrupole as in the first. So the spin precessions of each particle should add
coherently. The total depolarization through both is then simply the sum of the precession for each
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Figure 6: Depolarization in the beam delivery system.
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Figure 7: Depolarization in the Final Focus.
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quadrupole:
P = cos
(∑
i
Gγk1iLqiσxi
)
. (59)
The second quadrupole has a focusing strength k12 = −0.170 and the beam size through this quadrupole
is roughly σx2 = 168 microns. It has the same length as the first quadrupole so,
P = cos
(
567.3× 2.0 (0.0963 × 533× 10−6 − 0.170 × 200× 10−6)) (60)
= 99.98%. (61)
The depolarization is almost completely removed. According to the ILCv simulation the polarization at
the IP is 99.995%, this is better than the rough calculation which assumes constant beam sizes in the
magnets.
These studies were carried out with the 2 mrad IP. The studies have since been repeated for the
new 14 mrad lattice (2006e) and no differences in conclusions were observed. In the new design the two
main linacs are oriented to intersect at a 14 milliradian angle so there are no strong bending magnets
in the BDS to angle the beams. If the main linacs were oriented straight at each other and the BDS
then inserted the 14 mrad angle then each beam would have to bend by 7 milliradians and Gγθ = 228
degrees. Just as in the turnaround in the RTML, the principle source of depolarization would be the
energy spread, however due to the adiabatic damping the energy spread at the IP may be small enough
for this effect to not be a concern. Nevertheless, if such a change in design is made depolarization studies
should be conducted.
Using Misalignments similar to those in table 2 were found to have little effect on the depolarization
just as in the RTML and Main linac. This is because the dominant effect is the horizontal beam size
which doesn’t increase much, even with uncorrected misalignments.
9 Conclusions
We see that at 250 GeV depolarization effects are beginning to occur, however it requires relatively large
beam sizes and strong magnets. The combination of these two cases only occurs in the Final Focus
and only here is there any noticeable depolarization. Due to the configuration of the magnets, the net
depolarization is virtually zero. The effects in the 1 TeV upgraded machine will be about a factor of 2
higher so they are expected to still be insignificant. No other depolarizing effects were observed in either
the RTML or Main Linac. The helical undulator has yet to be studied.
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